
r = radial position, cylindrical coordinates, in single 
free jet 

r = position vector 
R = = D/2, nozzle radius 
Z‘kj = correlation function for fluctuations in the concen- 

trations of components i and i 
Rlz = correlation function for fluctuations in the concen- 

tration of material from nozzle streams 1 and 2 
s = distance along the jet trajectory, from the virtual 

origin 
U, = mean discharge velocity at  nozzle 
U’ = characteristic velocity scale of the interacting jets 

x, y, z = Cartesian coordinates of the interacting jet sys- 

xf = virtual origin of the combined jet downstream of 

Greek Letters 
u 
r 
rl, r, = concentration of smoke from nozzle streams 1 

r, = concentration of smoke from either nozzle stream 
y, 71, y2, yi = turbulent fluctuations in r, rl, r,, rt 
c = rate of viscous dissipation of turbulent kinetic en- 

K = = 2 rf/Tz, wave number 
Y = kinematic viscosity 
p = density 
Su bscripb 
c 
i 

marked with smoke 
i, i, k = material of feed streams i, i, and k 
O = value in nozzle stream 
1,2 = smoke from nozzle streams 1 and 2 
1, 2, 3 = material of feedstreams 1, 2, and 3 
Superscripts 
(-) = time-mean value 

( A )  = root-mean-square value; y = d / o  
Dimensionless Parameters 
Ma 

system, Equation (3) 

tem, Figure l b  

the interaction zone 

= one-half the angle between the jet nozzle axes 
= total smoke concentration; r = rl + r2 

and 2 

ergy, per unit mass of fluid 

= value on the x axis ( g  = 0 and z = 0) 
= value when one of the jet nozzle streams is 

A 

= = Uo/c,  Mach number 

Re 
Sc 
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Nonlinear Theory of Free Coating 
onto a Vertical Surface 

The work of Landau and Levich (1942) initiated detailed theoretical 
and experimental study of the flow of the thin liquid film entrained by a 
steady withdrawal of a sheet from a bath of liquid. The existing theories, 
which differ considerably, are all based on linearization of the problem 
and give single relationships between film thickness T and a capillary num- 
ber Ca. The present paper demonstrates theoretically that differing physical 
properties for each liquid result not in a single curve but in a family of 
curves for T vs. Ca and that the complete set of previous experimental work 
required and fitted the family of curves. Previous theories could fit only a 
portion of this experimental data. 

The solution requires a nonlinear theory to include inertial terms and 
two-dimensional flow and thus treat the parameter of liquid physical prop- 
erties. This is obtained by applying a nonlinear approach based on the 
direct method of Galerltin. Owing to the nonlinear character of the solution, 
the new theory has the advantage of accurately determining the shape and 
size of the upper meniscus profile. Excellent agreement with the complete 
set of available experimental data is obtained. 

M. NABIL ESMAIL 
and 

RICHARD L. HUMMEL 
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SCOPE 
During the past 30 years considerable attention has been 

given to the theoretical and experimental studies of flow 
of thin liquid films, entrained from a bath of liquid by 
continuous steady withdrawal ot a sheet. This problem is 
of considerable practical significance in many industries. 
Examples include the application of high viscosity liquid 
films to solid surfaces such as coating of photographic film 
and paper, tlie application of polymeric materials to con- 
veyor belts, and lubrication of moving parts of machines 
in certain aspects. 

The formation of these liquid films is characterized by 
a meniscus thicltness decreasing with distance above the 
bath and eventually approaching a constant thickness 
region. The resultant constant thickness is a function of 
the velocity of witlidrand, gra17ity, and the physical prop- 
erties of liquid; density, viscosity; and surface tension. In  
some applications an air flow is used to change this rela- 
tionship. The meniscus region is characterized at the 
interface by a stagnation point. The film may be divided 
about this point into thin and thick menisci. The flow in 
the thin meniscus is mainly in vertical direction. 

The previous theoretical studies of the free coating 
problem are mainly based on the approach, suggested by 
Landau and Levich (1942) in their pioneering work. The 
most significant development in the problem was achieved 
by White and Tallmadge (1965) who linearized the prob- 
lem in order to get an analytical but approximate expres- 
sion for the relationship between the parameters of the 
problem. 

The present paper is concerned with the application of 
a nonlinear approach (Shltadov, 1967) to the problem of 
prediction of flow influence on the constant thickness, 
size, and shape of meniscus profiles in the case of free 
coating onto a vertical surface. The nonlinear approach 
employed in this paper has been developed into a gen- 
eral treatment to the problem of wave formation at the 
interface of thin fluid films (Esmail and Shkadov, 1971, 
Esmail, 1973). Therefore, it seems to be a powerful ap- 
proach to the solution of any problem associated with 
thin fluid films in general. The present paper is confined 
to the case of free liquid surface. Meanwhile, the nonlinear 
approach can be applied to cases with directed air flow. 

CONCLUSIONS AND SIGNIFICANCE 

The relationship between the flow parameters of liquid 
entrainment from a bath are presented for a wide range 
of capillary numbers covering flow situations of importance 
in free coating process equipment. A nonlinear method is 
applied which permits determining the meniscus shape 
and size as well a? the flow parameters. I t  is shown (Fig- 
ures 2,  3, 5 )  that the consideration of inertial effects splits 
the solution into a family of curves associated with two 
parameters, the capillary number and a parameter incor- 
porating physical properties of entrained liquid. The in- 
flucncc 01 inertial effects on flow parameters and meniscus 
profiles is significant at a Reynolds number equal to or 
greater than 0.1. The shapes and sizes of thin meniscus 

profiles are determined (Figures 4, and 5 and Tables 1 to 
5 )  from the stagnation point up to the constant thickness 
film. This nonlinear solution holds true up to the appear- 
ance of surface waves at Reynolds numbers r” 10. Agree- 
ment with experimental data (Figure 2, Tables 1 to 5)  is 
excellent. The problem is treated for the first time in a 
two-dimenyional nonlinear approach incorporating the 
inertial effects. The static meniscus condition, derived by 
Deryagin and Levi (1964), proves to be the most accurate 
approximation to the boundary condition at the stagnation 
point. The one-dimensional linear solution of White and 
Tallmadge (1965) is an analytical average of the present 
solution. 

MATHEMATICAL MODEL 

The s~cady  liquid motion is described by the following 
system of Navier-Stokes and continuity equations: 

dU au 1 aFJ a2u a2u 

ax dY P ax  
f J - + v - z - - -  

( 1 )  
r r - + a - = - - - + v ( ( a x i + - )  av av 1 a P  a2v a2v ( 2 )  

ax aY P aY 8Y2 

(3) 

Thc coordinates x and y refer to the vertical direction of 
thc s1wc~ and normal direction through the film, respec- 
tibcly (Figuic 1). The no slip condition at the moving 
dicct yields two bounclxy conditions 
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u = u o  u = O  for y = O  (4) 

The dynamic balance of stresses at the interface including 
the effcct of surface tension may be expressed by 

au av 2b av au -+-+- =o ( 5 )  
ay ax l - b 2 ( z - g )  

da 1 db/dx 
dx R (1 + b2)3/2 

b = -  -= 

where a = a(.) is the equation of the free liquid surface. 
It is necessary to add the kinematic surface condition that 
expresses the fact that the free surface is a streamline 
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I /  Static meniscus 
Fig. 1. Definition sketch. 

Q = s," u dy = const (7)  

It is easy to deduce, by using dimensional analysis 
(Groenveld, 1970), that the relationship between the 
parameters of the problem should be 

or 
T = f (Re ,  Ca) 

Only three parameters appear in Equation (8) : T, Ca, 
and 7. The first characterizes the limiting constant film 
thickness; the second is uniquely associated with the 
withdrawal speed 210, and the third incorporates the physi- 
cal properties of the liquid. In general, the withdrawal 
speed and the physical properties of liquid, therefore Ca 
and 7, can be considered known. But for each pair of val- 
ues for Cu and y ,  the solution of the system (1) to (7)  
gives a family of curves corresponding to various possible 
film thicknesses. In order .to determine the correct film 
thickness and its associate curve for the particular com- 
plete set of conditions, some other physical constraint must 
be imposed. 

PREVIOUS WORK 

The initial work of Landau and Levich (1942) regarded 
the problem as one-dimensional, neglecting the velocities 
in the meniscus region normal to the moving sheet. Fur- 
thermore, the gravity forces were also neglected, limiting 
the solution to small film thicknesses ( T  << 1, T2 N 0).  
Landau and Levicli inhoduced the static meniscus con- 
dition, considering equilibrium between gravitational and 
capillary forces in the thick meniscus region: 

d2a 
0- 

dx2 
= P g x  (9) 

Later, White and Tallmadge (1965) included gravita- 
tional forces (terms involving T " ) ,  retaining the one- 
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dimensional assumption. However, in order to a ply the 
static meniscus condition derived by Landau a n 8  Levich 
(1942) and in order to obtain an analytical but approxi- 
mate expression for the relationship between the param- 
eters of the problem, they linearized the equations, assum- 
ing that a = u O (  1 + e ) ,  where E is a small quantity. 

As a static meniscus condition, Deryagin and Levi, 
(1964) introduced a more accurate relation 

which may be easily derived for the static meniscus near 
the top of the free surface. 

NONLINEAR APPROACH 

The flow and the flow parameters can be described 
across two horizontal planes. One of these planes is in the 
constant thickness region. In this region the velocity dis- 
tribution is parabolic, terminating at the liquid surface 
at a velocity that is greater than zero: 

- u=-[-- P@02 a0 +'(")"I 2 a0 f u o  (11) 
P 

The flow in this region is constant: 

Thus, there is an infinite family of solutions for the con- 
stant thickness region, but, for each of these, the relation- 
ship between the sheet velocity uo and the film thickness 
a0 is fixed and is in fact determined by the previous re- 
gions of the flow. The flow across a horizontal plane 
through the 'beginning of the constant thickness region' is 
one of our two boundary conditions. 

The second plane across which the flow properties can 
be described is the horizontal plane through the stagna- 
tion point (reported by Groenveld and Van Dortmund, 
1970). At the stagnation point, the velocity is precisely 
zero, and therefore inertial and viscous forces do not exist. 
If the air is also stagnant, or nearly so, then the pressure 
at the surface stagnation point is precisely atmospheric. 

The second set of boundary conditions would ideally 
be the velocities through the horizontal plane passing 
through this stagnation point. According to the suggested 
nonlinear approach, the width dependence in the flow 
equations is eliminated by averaging all the unknown 
functions over the film thickness. Therefore, the solution 
is sought along the air-liquid interface, and the boundary 
condition acrogs the horizontal plane passing through 
the stagnation point reduces to a relationship between 
the characteristics of the interface curve at the stagnation 
point and the flow parameters. 

These two boundary conditions define the region of 
concern. Its extent will be called L for subsequent analy- 
sis. This region is one of acceleration of the liquid in bulk 
and along the interface from minimum velocities at the 
stagnation point to the constant velocities of the constant 
thickness region. This region determines which of the 
family solutions apply. Obviously, acceleration terms are 
required, and therefore a true solution must be nonlinear. 
The surface boundary condition taken in the present paper 
is that the air exerts neither variation in pressure nor vis- 
~ 0 ~ s  forces on the snrface. However, in mclustrv, air flows 
are frequently used to change the coating thickness, and 
for such a problem one must consider pressure and ViS- 

C0u.j  forces exerted on the surface by air. 
The velocity distributions across the plane for the stag- 
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nation point are in fact determined by the flow within the 
coating chamber which is in turn physically determined 
by the geometry of the situation. We will consider only 
one geometry, that is, that of tan infinitely deep bath. Thus, 
at sufficient depth, velocities of concern are constant and 
equal to that of the motion of the sheet. The region of 
concern includes the region bounded by the plane chough 
the stagnation .point, the sheet, and the streamline ter- 
minating in the stagnation point (Figure 1) .  Here the 
velocity is greater, and therefore the thickness is less than 
that of the constant thickness layer. The liquid is de- 
accelerated as it approaches the plane of the stagnation 
point. The deacceleration occurs sharply close to the plane 
and is transmitted through the streamline terminating in 
the stagnation point. The flow outside this region and, 
in particular, the shape of the surface in the thick menis- 
cus region is of no consequence except to the extent that 
it can be converted accurately into the required boundary 
condition at the stagnation point. The flow portion, not 
entrained by the sheet, which forms the thick meniscus, 
is far slower than the flow entrained from the bath owing 
to the high viscosity effect. The net difference between the 
viscous and inertial forces, which is zero on the surface 
at the stagnation point, remains small on the surface near 
this point. Since the velocities in the thick meniscus are 
small, the viscous and inertial forces are small, and the 
difference between them must be small compared to the 
forces of gravity and surface tension. Therefore, the thick 
meniscus may be considered in a static condition up to 
the stagnation point. 

THE DIRECT METHOD OF GALERKIN 

The boundary condition chosen for the stagnation point 
is that of Equation (10) .  It  serves as a solution for the 
dynamic equations of the flow at the stagnation point by 
using the assumption of the static condition in the thick 
meniscus. The significance of Equation (10) is that it 
preserves the continuity of the slope and curvature of the 
interface along the entire meniscus. As noted earlier, this 
equation and Equation (9)  by Landau and Levich have 
been based on an assumption of static condition for the 
thick meniscus region. This phrasing is unnecessary. In 
fact, Equation (10) fits the slope and curvature, of the 
surface for the stagnation point, and whatever else hap- 
pens in the thick region is not used in this solution. 

It is clear from physical considerations of the problem 
that L is considerably greater than the constant film thick- 
ness ao. Therefore, the condition n = ( ao) / ( L )  << 1 may 
be introduced. This condition enables estimations of terms 
in system (1)  to (3)  and boundary conditions (4)  to ( 7 ) .  
The introduction of a characteristic vertical velocity u - 
uo in the continuity equation (3)  leads to an expression 
u - nu0 for the characteristic horizontal velocity. 

Therefore, system (1)  to (3)  and boundary conditions 
(4)  to (7 )  may be considerably simplified, when we 
neglect terms, estimated as O(n2) with respect to other 
terms. As a result, system (1)  to (3)  will reduce to the 
following: 

1 ap a20 

P ay ay2 
au ao 
ax ay 

- ' - = y -  

-+ -=o  

Similarly, the boundary conditions ( 4 )  
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(15) 

to (7) reduce to 

u=uo  v = O  for y = O  (16) 
- = O  au ( p - p ~ ) + ~ - & - = O  U av for y = u  

aY aY 
(17) 

Q = s," u dy = const (18) 

The term V (  8%) / (8x2) in Equation ( 13) was included 
in spite of its estimation - O(n2) because it represents 
the curvatures of flow lines and because calculations re- 
veal its importance especially over the range of low with- 
drawal speeds. 

The equations of the problem (13) to (18) may be re- 
placed by equations integrated with respect to y. This 
replacement may be considered as the first step in sequen- 
tial application of the direct method of Galerkin (Shkadov, 
1967). This requires the selection of a complete system 
of functions Wi ( y ) satisfying the boundary conditions 
(16) to ( 18), while the velocity u can be represented as 

u = 2 bi(x) Wi(y) (19) 
i 

Consequently, the velocity u can be expressed from the 
continuity equation in the form 

The application of the direct method will be limited to 
the first term; therefore, the accuracy obtained may be 
judged only in comparison with experimental data. 

The velocity expression (19) will be assumed to be 
parabolic in the form 

u = 3 U ( x )  [--+-(")2] Y 1  +uo (20) 
a 2 a  

which coincides with the exact solution for the laminar 
constant thickness film (l l) ,  (12). 

When we integrate Equation (13) with respect to y 
from zero to a and introduce the variables 

a X 

a0 a0 
h = -  (=-  

the system ( 13) to (15) reduces to the following ordinary 
dfierential equation (for details see the appendix) 

@h 

2 h2 dh dh 
15 5 4  

+ Re (- hS2 - -)- + 3 h,( ;ir> 
+ (3h - h, - P h 3 )  = 0 (21) 

where h, = 3 - T2. 
A similar, but more simplified, equation was first ob- 

tained by Landau and Levich (1942) for one-dimensional 
flow neglecting the effect of gravity: 

h3 d3h - - = - (3h - h,) 
Ca 4 3  

White and Tallmadge (1965) considered the effect of 
gravity on one-dimensional flow and obtained 

(23) 
h3 d3h - - = - (3h - h, - T2h33\ 
Ca 4 3  

Only Equation (21) considers two-dimensional flow and 
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T 
I ' ' 1 " " ' 1  ' " " " ' I  ' " ' " " 1  ' " " '  

includes the effect of inertial terms on the characteristics 
of the problem. Obviously, the term including Reynolds 
number incorporates the inertial effect, whereas the other 
first and second derivatives reflect the two-dipensional 
aspects of the flow. 

Equation (21) was integrated over the thin meniscus 
region, from the beginning of the constant thickness film 
down to the stagnation point, The starting value pro- 
cedure of Landau and Levich (1942) provided the initial 
conditions at the beginning of the constant film thickness: 

h = l + e  h f = e  h " = e  (24) 
Equation (21) was solved by numerical integration by 

using a fourth-order, Runge-Kutta method with the initial 
conditions (24).  

The meniscus thickness of the stagnation point 

h, = 3 - T2 

which was derived by Lee and Tallmadge (1973) can 
be derived with ease by setting u equal to zero at the 
interface y = a and by using the constant flux condition 
(12). 

By using a simple iteration method, the solution of the 
numerical integration was adjusted to condition (10) at 
the stagnation point. 

(25) 

RESULTS AND D I S C U S S I O N  

The Parameters of the Flow 
As is shown in Figure 2, the solution of the problem 

for capillary numbers Ca up to a value of 70 comprises 
a family of curves illustrating the relationship 

T = f ( x  Ca) 

The parameter 7 which creates this family is basically 
introduced owing to the consideration of inertial terms in 
the Navier-Stokes equations. Curve 1 in Figure 2 shows 
the limiting case = 0 for extremely viscous liquids. Each 
of the other curves corresponds to other value of y .  The 
branching of these curves begins at a Reynolds number 
of approximately 0.1. The calculations for each of the 
selected y values go up to a Reynolds number of roughly 
10. Calculations could not be carried further, which indi- 

T I ' " " " ' I  ' ""7'1 ' " " " ' I  ' " " "  

/ ,' 

.' .Y I 

10 c a  lo2 
0 2  - 3 '  ' " " c ' l  ' ' 1 ' ' 1 " '  ' ' ' 1 ' 1 ( 1 1  ' ' 1 1 1 1 1 ' 1  ' ' ~~~~J 

10 12 16' Fig. 3 10' 

Fig. 3. Comparison of the nonlinear theory with previous theories. 
Nonlinear theory: 1. y = 0; 2. y = 0.06; 3. y = 0.8; 4. y = 5; 

5. y = 18.2; 6. Landau and Levich; 7. Whi te  and Tallmadge. 

Fig. 4. Semilogarithmic plot of the thin meniscus profiles for y = 
0.06. 1. Ca = 0.01; 2. Ca = 6.0; 3. Ca = 50. 

01 ' ' ' ~ ' ' ' ' '  ' ' 1 1 1 1 1 ' 1  ' " 1 1 1 1 ' 1  ' " 
10-2 lo-' Fig 5 10' 1 0  Ca 10' 

= 0.06; Fig. 5. The size o f  thin meniscus profiles: 1. y = 0; 2. 
3. y = 0.8; 4. y = 5; 5. y = 18.2. 

cates that our assumptions fail for higher Reynolds num- 
bers. As it has been shown (Yih, 1963; Esmail, 1971, 
1973), the flow of thin liquid films is in general unstable 
to certain surface wave disturbances. However, Yih (1963) 
demonstrated that the flow of thin liquid films is always 
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TABLE 1 TABLE 2 

y = 0.153; T = 0.720; 

h I k h E k h € k h € k 

y = 0.143; T = 0.769; 
CU = 0.96 Ca = 3.18 Ca = 6.21 

y = 0.130; T = 0.776; y = 0.141; T = 0.760; 
Ca = 10.5 

2.345 0.168 0.576 2.328 0.090 0.652 2.347 0.056 0.671 2.312 0.123 0.659 
2.000 0.668 0.589 2.022 0.490 0.655 2.032 0.456 0.666 2.017 0.523 0.641 
1.504 1.768 0.610 1.495 1.590 0.657 1.507 1.556 0.652 1.497 1.723 0.610 
1.099 4.293 0.630 1.075 4.515 0.650 1.061 4.981 0.630 1.046 5.948 0.577 
1.004 9.093 0.640 1.010 7.715 0.645 1.009 8.181 0.622 1.008 9.148 0.569 
1.000 18.693 0.644 1.000 18.915 0.640 1.000 19.381 0.615 1.000 21.948 0.560 

Experimental value k = 0.602 Experimental value k = 0.568 Experimental value k = 0.562 Experimental value k = 0.559 

TABLE 3 TABLE 4 

y = 0.113; T = 0.767; 
CU = 2.75 

y = 0.122; T = 0.778; 
Ca = 5.66 

y = 0.128; T = 0.664; 
Ca = 0.43 

y = 0.118; T = 0.731; 
Ca = 1.17 

h E k h € k h € k h € k 

2.529 
2.017 
1.517 
1.064 
1.009 
1.000 

0.038 
0.823 
2.023 
5.448 
8.648 

19.848 

0.498 
0.519 
0.546 
0.585 
0.599 
0.613 

Experimental values 
h = 1.2/3.0; k = 0.450 

2.365 
2.008 
1.502 
1.037 
1.005 
1.000 

0.120 
0.620 
1.720 
5.745 
8.945 

18.545 

0.591 
0.604 
0.623 
0.642 
0.646 
0.649 

2.317 
2.014 
1.490 
1.088 
1.004 
1 .ooo 

0.107 
0.507 
1.607 
4.232 
9.032 

18.532 

0.647 
0.652 
0.658 
0.655 
0.650 
0.648 

Experimental values 
h = 1.2/2.0; k = 0.714 

Experimental values 
h = 1.2/2.0; k = 0.588 

stable at very small Reynolds numbers for all wave dis- 
turbances of nonzero wave numbers. Therefore, we can 
conclude that the appearance of surface waves, which 
were not taken into our consideration, results in the fail- 
ure of the solution at higher Reynolds numbers. 

The literature contains extensive experimental data. 
Authors have measured the film thickness with a microm- 
eter (Gutfinger and Tallmadge, 1965; Soroka and Tall- 
madge, 1971), with a capacitance technique (Spiers et al., 
1974) and with light adsorption technique (Groenveld, 
1970). These studies exhibit considerable scatter as can 
be seen on Figure 2. Spiers et al. (1974) has questioned 
the accuracy of the data of others, in part because of this 
scatter, and because it did not fit his data and curve. The 
effect of inertia y seems to provide a better explanation, as 
the fit between the theoretical curves and the experimental 
data on Figure 2 seems excellent. 

By comparison with the previous theories, Figure 3 
illustrates the curves of the nonlinear theory, the gravi- 
tational theory of White and Tallmadge (1965), and the 
initial theory of Landau and Levich (1942). 

Thin Meniscus Profiles 
Using experimental results, Groenveld and Van Dort- 

mund ( 1970) approximated the functional relationship 
between the intercept ( h  - 1) and the distance above 
the bath E for thin meniscus profiles by 

h = 1 + de-'CC 

where I/lc is dimensionless thickness reduction distance, 
over which the excess thickness decreases l / e  times. Fur- 
thermore, Groenveld and Van Dortmond used a simplified 
two-dimensional linear approach, based on the approxima- 
tion (26) to predict a value of lc for the thin meniscus pro- 
files. Their prediction, lc = 0.614, was limited to high 
capillary numbers Ca > 1. Later, Tallmadge (1973) used 
the same approximation (26),  based on his one-dimen- 
sional linear approach (1965) to predict the values of Ii 
for small capillary numbers Ca 5 10-1 as 

(26) 

2.370 
2.049 
1.511 
1.049 
1.007 
1 .ooo 

0.028 
0.428 
1.528 
5.253 
8.453 

19.628 

0.671 
0.668 
0.657 
0.637 
0.630 
0.623 

Experimental values 
h = 1.1/3.0; k = 0.658 

TABLE 5 

y = 0.118; T = 0.765; 
Ca = 11.9 

y = 0.119; T = 0.715; 
Ca = 23.9 

h E k h E k 

2.338 0.083 0.667 
2.034 0.485 0.648 
1.502 1.685 0.616 
1.043 6.010 0.381 
1.007 9.210 0.374 
1.000 22.010 0.364 

Experimental values 
h = 1.1/2,0; k = 0.606 

2.437 0.036 0.628 
2.029 0.636 0.363 
1.301 2.156 0.503 
1.083 6.181 0.467 
1.005 12.381 0.453 
1.000 26.973 0.446 

Experimental values 
h = 1.2/2.0; k = 0.546 

I< = (3Ca) 1'3 ( 1  - 291'3 
The nonlinear theory (unlike the linear theories) gives 

a detailed shape to the thin meniscus profile which can 
be compared with these earlier predictions and with ex- 
perimental data available. Equation (26) can be plotted 
as a straight line on a semilog plot. Figure 4 is a similar 
plot of the thin meniscus profiles obtained from the present 
calculations. A different slope results for each value of Ca, 
and the lines are not quite straight. In order to generalize, 
each profile can be represented by a parameter N which 
is a dimensionless version of L, the vertical distance from 
the stagnation point to the constant thickness region ( h  
1 + lop7) .  Figure 5 illustrates the relationship 

N = N ( y ,  CU)  

Experimentally, Groenveld and Van Dortmund ( 1970) 
obtained different values of Ii for different values of Ca. 
Since our results give a value li which changes with 5 as 
well as Ca, our ranges of values are compared with the 
reported numbers in Tables 1 and 2. For this purpose we 
measure [ from the stagnation point (Figure 1) .  Thus, 
Equation (26) becomes 
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( h  - 1) = (2  - T2) e-ke (27) 
The agreement is quite reasonable. 

Lee and Tallmadge (1972, 1973) reported in more de- 
tail the results of similar measurements made using a 
photographic technique. Their deep bath results for k 
varied with Ca but also varied with 4 as our theory pre- 
dicts. Interestingly enough, Spiers and Wilkinson ( 1974) 
felt these results were in error because they did not agree 
with their one-dimensional solution. These experimental 
results may be compared more accurately with our theory 
because the range of thicknesses and the values of k are 
both available. Tables 3, 4, and 5 show that the agree- 
ment between theory and experiment is quite reasonable. 

It has recently become a common practice to trust 
theory over experiment. We realize tliat even our theory 
has assumptions and that it must be confirmed by experi- 
ment or else fall. Therefore, it is very satisfying that there 
is agreement between our theory and the complete set of 
available data to the degree of precision of both. 
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NOTATION 

a =  
a0 = 
bi = 
Ca = 
g =  
h = 
h, = 
k =  
L =  
N =  
n =  
P =  
po = 

Re = 
I I ’ =  

uo = 

Q =  

u =  

v =  
wi = 

Y =  
x =  

meniscus thickness 
constant film thickness 
coefficients of Galerkin’s method expansion 
capillary number uo p / a  
acceleration of gravity 
dimensionless meniscus thickness d u o  
dimensionless thickness at stagnation point 
shape parameter 
extent of thin meniscus 
dimensionless extent of thin meniscus L/ao 
ratio ao/L 
pressure of liquid 
static pressure of air 
liquid flux 
Reynolds number aouo/v 
dimensionless film thickness uo (pg /p  UO) va 

vertical velocity of liquid 
withdrawal speed 
horizontal velocity of liquid 
complete system of functions 
vertical coordinate 
horizontal coordinate 

Greek Letters 

y 
p 
v 
p = density of liquid 
u = surface tension 
4 

= dimensionless parameter U( v4g) -l/3/p 
= dynamic viscosity of liquid 
= kinematic viscosity of liquid 

= nondimensional vertical coordinate x/ao 
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APPENDIX 

According to the proposed condition n << 1, the expres- 
sion ( 6 )  for the free surface curvature may be also simplified 
to yield 

1 d b  dza 
(A1 1 

R dx dx2 

by neglecting terms estimated as O( n2) .  Integrating Equation 
( 2 )  with respect to y, we get 

---=- - 

where c ( x )  is arbitrary function, which may be easily deter- 
mined by using the boundary condition (17) and Equation 
( A l ) :  

d2a 

d2a 

dxz 

By using the continuity Equation (15) ,  the pressure p can be 
expressed as 

c ( x )  = p o  - u- 

Now, by using equations (18)  and (A2), the terms of Equa- 
tion (13)  can be substituted by expressions including U ( x )  
and a ( s )  as unknown functions along with the independent 
variables x, y :  
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a% d2u y -- -3-(-; 
ax2 dxz 

+3u-(--$) dza y +3&-) da 2 (--+””) 2y 
dxz a2 $ a 4  

- 3 U/az 
a2u 

ay2 
-- 

d3U 

ax ax dx” 

Substituting the last expressions in Equation (13), and in- 
tegrating with respect to y from zero to a, we get 

- ap = -,u - u -  

dU 3 da 

d3a 7 d2U da dU U 
dx3 2 dx2 dx dx a 

= ua - - -@ - + 2+ - - + 3,u- - p ga 

By using Equation (20), the constant flux condition along 
the meniscus can be expressed as 

Q = u dy = a ( r )  [uo - u ( ~ ) I  

By using the last equation, the function U ( X )  can be substi- 
tuted in Equation (A3)  by the function a ( x ) ,  and we get 

By introducing the dimensionless variables 

a X 
h = -  [=-  

ao ao 

Equation (A4)  reduces to Equation (21 ). 

Numerical Treatment of Laminar Flow in 
Helically Coiled Tubes of Square 
Cross Section 
Part I. Stationary Helically Coiled Tubes 

B. JOSEPH 
E. P. SMITH 

Numerical solutions of steady laminar flow in helically coiled tubes of 
square cross section for Dean numbers from 0.8 to 307.8 reveal two regimes 
of secondary flow. Up to Dean numbers of 100, the expected secondary 
flow pattern appears with twin counterrotating vortices. Above Dean num- 
bers of 100, a new secondary flow regime, reported here for the first time, 
appears with four vortices. Flow visualization and pressure drop experi- 
ments confirm the transition. 

and 
R. J. ADLER 

Chemical Engineering Department 
Case Institute of Technology 

Case Western Reserve University 
Cleveland, Ohio 441 06 

SCOPE 

When fluid flows through a helically coiled tube, cen- 
trifugal forces cause secondary flows, that is, currents in 
the cross-sectional plane. The fluid near the center of the 
tube, because it has the maximum downstream velocity, 
experiences the maximum centrifugal force and is thrown 
outward. Replacement fluid flows inward along the walls. 
A secondary flow pattern consisting of twin counterrotat- 
ing vortices has been reported in all previous studies. 

Correspondence concerning this paper should be addressed to R. J. 
Adler. 

Helically coiled tubes often appear in process applica- 
tions. Useful characteristics include, in addition to com- 
pactness, high rates of heat and mass transfer, enhanced 
cross-sectional mixing, low axial dispersion and an ex- 
tended laminar flow regime-the transition from laminar 
to turbulent flow occurs at Reynolds numbers of 4,000 to 
6,000 for typical geometries. 

Most prior studies on helically coiled tubes have been 
for round cross sections. The only study of rectangular 
cross sections is an analytical solution limited to very low 
flow rates. However, rectangular cross sections arise in 
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